A SIMPLE PROOF OF THE FREDHOLM ALTERNATIVE 



OTGONBAYAR UUYE 

Abstract. In this expository note, we present a simple proof of the 
Fredholm Alternative for compact operators that are norm limits of 
finite rank operators. 



We recall that a bounded linear operator T : E — > E on a Banach space E 
is called a compact operator if T maps the closed unit ball of E to a relatively 
compact subset of E. The following is a basic result about compact operators 
known as the Fredholm Alternative. See for instance [Rud91j. 

Theorem 1. Let T be a compact operator on a Banach space E and let I 
denote the identity operator on E. Then either 

(i) the operator I — T is invertible (i.e. has a bounded inverse), or 

(ii) there exists a nonzero vector y € E, y ^ 0, such that Ty = y. 

In this note, we give a simple proof of the following version (Theorem [2J 
of the Fredholm Alternative. 

A finite-rank operator is a bounded linear operator whose range is finite 
dimensional. 

Theorem 2. Let T be a bounded linear operator on a Banach space E. 
Suppose that there exists a finite-rank operator F such that \\T — F\\ < 1. 
Then either 

(i) the operator I — T is invertible, or 

(ii) there exists a nonzero vector y € E, y ^ 0, such that Ty = y. 

We start with a simple lemma. 

Lemma 1. Let S : V — > V be a linear operator on a vector space V with 
range MOV. Let L denote the identity operator on V . Then the operator 
L — S : V — > V restricts to a linear operator (I — S)\m : M — > M . Consider 
the following statements: 

(1) The operator L — S : V — > V is injective. 

(2) The operator (J — S)\m '■ M — > M is injective. 

(3) The operator L — S : V — >■ V is surjective. 

(4) The operator (I — S)\m : M — > M is surjective. 



Then (Bp & and 0j & gp. 
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Proof. It is clear that I — S maps M into M. 
The implication ([I]) => ([2]) is also clear. 

Suppose that (I — S)y = for some y in V. Then y = 5y, hence y belongs 
to M. Thus d2j) implies p. 

Let x be a vector in M and suppose that (7 — S)y = x for some y in V. 
Then y = x + Sy, hence y belongs to M. Thus ([3|) implies (|4|). 

Conversely, let x be a vector in V and suppose that (I — S)y = Sx for 
some y in M. Then (J — + y) = x. Hence (jl]) implies ([3]). □ 

Corollary 1. Lei 7? : V —> V be a linear operator on a vector space V . 
Suppose that R is bijective. Then for any finite-rank operator F, the operator 
R — F is injective if and only if R — F is surjective. 

Proof. Let S : V — > V denote the operator F o R^ 1 and let M denote the 
range of S. Then M is finite dimensional, and thus (7 — S)\m : M — > M 
is injective if and only if (7 — S)\m : M — > M is surjective. It follows from 
Lemma [T] that 7 — S is injective if and only if 7 — S is surjective. However, 
since R is bijective, it follows from the identity 

R-F=(I-S)oR 

that R — F is injective if and only if 7 — S is injective, and R — F is surjective 
if and only if 7 — S is surjective. This completes the proof. □ 

Proposition 1. Let T : V —> V be a linear operator on a vector space 
V . Suppose that there exists a finite-rank operator F such that the operator 
I — (T — F) : V — ?> V is bijective. Then I — T is injective if and only if I — T 
is surjective. 

Proof. Let F be a finite rank operator such that R := I—(T—F) is bijective. 
Then I — T = R — F and the proposition follows from Corollary [1] □ 

Proof of Theorem® Suppose that (ii) does not hold. Then the operator 
7 — T is injective. Let F be a finite-rank operator such that ||T — F\\ < 1. 
Then the operator I—(T—F) is invertible, in particular, bijective. Hence by 
Proposition [H the operator 7 — T is also surjective. By the Open Mapping 
Theorem, 7 — T is invertible, i.e. (i) holds. □ 

Recall that the norm limit of (a net of) finite-rank operators is always 
compact. We say that a Banach space E has the approximation property if 
every compact operator is a norm limit of finite-rank operators. Theorem [2] 
proves the Fredholm Alternative (Theorem [1]) for Banach spaces with the 
approximation property. Most familiar Banach spaces have the approxima- 
tion propertyEI 

As an example, we prove that Hilbert spaces have the approximation 
property. This proves the Fredholm Alternative for compact operators on a 
Hilbert space. 
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Lemma 2. Let E be a Banach space and let P a be a net of uniformly 
bounded linear operators strongly converging to I. Then for any compact 
operator T, the net P a T converges to T in norm. 

Proof. Let B denote the closed unit ball of E. Then, since T is compact, 
the subset T(B) is relatively compact, hence totally bounded in E, and for 
any a, 

(1) \\T-P a T\\ = sup \\(T-P a T)x\\ 

(2) = sup \\(I-P a )y\\. 

yeT(B) 

By assumption, I — P a converges pointwise to the operator. Moreover, 
since each P a is linear and {P a } uniformly bounded, the net I — P a : E — > E 
is uniformly equicontinuous, hence converges uniformly on T{B). □ 

We say that a Banach space E has the bounded approximation property 
if there exists a net of uniformly bounded finite-rank operators on E con- 
verging to I strongly. It follows from Lemma [21 that if E has the bounded 
approximation property, then it has the approximation property (this result 
is due to Grothendieck) . Finally, it follows from Parseval's identity, that 
Hilbert spaces have the bounded approximation property. This concludes 
our proof of the Fredholm Alternative for compact operators on a Hilbert 
space. 

As an application, we prove a Fredholm Alternative for pseudodifferential 
operators of negative order. 

Theorem 3. Let X be a closed, smooth manifold and let 

P : C°°(X) C°°{X) 

be a pseudodifferential operator of order m < 0. Then I — P is infective if 
and only if I — P is surjective. 

Proof. Fix a smooth measure on X and let H = L 2 (X). Then P extends 
to a compact operator P : H — > H and by elliptic regularity if x € C°° and 
(I - p) y = x , then y belongs to C°° (cf. [ShuOl] ). 

It follows that I — P is injective if and only if I — P is injective, and 
I — P \s surjective if and only if I — P is surjective. But, by the Fredholm 
Alternative for compact operators on a Hilbert space, I — P is injective if 
and only I — P \s surjective. 

□ 

Remark 1. We note that elliptic regularity is especially simple in our case. 
Indeed, for s > 0, let H s denote the s-Sobolev space. Then H° = L 2 (X) 
and f\>o H s = C°°(X) and P(H S ) C H s ~ m for s > 0. 

Elliptic Regularity: If x £ }{ s ~ m anc [ (J _ p^y = x f or some y € H s , then 
y = x + Py belongs to H s ~ m . 
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Remark 2. Since C°°(X) = C\ s>0 H s is a Frechet space and P is continuous, 
if / — P is bijective, then it has a continuous inverse by the Open Mapping 
Theorem. Hence, either 

(i) the operator I - P : C°°(X) -> C°°{X) is invertible, or 

(ii) there exists a nonzero y € C 00 (X), y ^ 0, such that Py = y. 

Acknowledgement. The author gratefully acknowledges support from the 
Centre for Symmetry and Deformation at the University of Copenhagen 
and the Danish National Research Council. 

References 

[Enf73] Per Enflo, A counterexample to the approximation problem in Banach spaces, 
Acta Math. 130 (1973), 309-317. MR 0402468 (53 #6288) 

[Rud91] Walter Rudin, Functional analysis, second ed., International Series in Pure and 
Applied Mathematics, McGraw-Hill Inc., New York, 1991. MR MR1157815 
(92k:46001) 

[ShuOl] M. A. Shubin, Pseudodifferential operators and spectral theory, second ed., 
Springer- Verlag, Berlin, 2001, Translated from the 1978 Russian original by Stig 
I. Andersson. MR MR1852334 (2002d:47073) 

University of Copenhagen, Universitetsparken 5, DK-2100 Copenhagen E, 
Denmark 



